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The pressure fluctuations in fluidized beds contain useful
information for indexing the quality of fluidization. However,
the highly random and nonlinear signal is hard to investigate
and far from being fully understood, which eventually ham-
pers its industrial application. Many scholars have studied the
causes of the pressure fluctuations (Fan et al., 1981, and ref-
erences therein). Aside from the influence of the operating
condition, Fan et al. (1981) demonstrated that the coales-
cence and motion of bubbles appear to be the major causes
of the pressure fluctuations, while gas jetting, the formation
of small bubbles above the distributor, and the raining of flu-
idized particles in the upper half of the beds also contribute
to the pressure fluctuation. Roy et al.’s (1990) results showed
that local pressure fluctuations appear to be characteristic of
large fluctuations in other parts of the bed. The fractal fea-
ture was also explored in the gas—solids fluidized bed. Taking
the long-term correlation property exhibited in the signal into
account, Neogi et al. (1993) considered the signal as the
product of a sine wave and fractional Gaussian noise. The
multifractal character of the signal was also discussed by
Zhong et al. (1996). Applying chaos theory to the analysis of
pressure fluctuations in gas—solids fluidized beds has recently
become popular, as it provides an interesting insight into the
system’s chaotic characteristics (Hay et al., 1995; Schouten et
al., 1996).

In this article, we study the signal composition from its cor-
relation structure. A great deal of evidence of the relatively
slow decay of the autocorrelation function via time lag for
the signal (for example, see Figure 8 in Fan et al., 1981; Fig-
ures 5-10 in Neogi et al., 1988; Figures 9-12 in Neogi et al.,
1993) suggests that the inherent long-term correlation com-
ponent exists in the time series. We think that this feature
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can be attributed to the intrinsic causality of bubble growth
and motion, the endurance of the pressure fluctuations they
cause, and the statistical similarity of the bubble phase in the
bed at different times. Also, the nonstationarity of the signal
was recently demonstrated by He et al. (1997). In order to
model this part of the pressure fluctuations, fractional Brow-
nian motion (FBM) introduced by Mandelbrot and Ness
(1968) appears to be an appropriate candidate. It is a zero-
mean, nonstationary Gaussian random process with statistical
self-similarity. If one denotes FBM as Bj(¢), its covariance
function

1~

Ry (1.~ 111 +1s t— s, (1)

where H is the self-similarity parameter. It is clear that B, (¢)
bears the infinite correlation property. The parameter H
controls the “roughness” of FBM, which corresponds to the
fractal dimension:

D=2-H. (2)

The greater the parameter H, the more regular the FBM
appears. In fact, one tends to search for periodicity in the
signal for large H value. H also controls the shape of the
average spectral density of FBM, defined as (Flandrin, 1989)

SCH) ¢ 3)
f =
where
vy=2H +1 4)

and C is a constant.
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On the other hand, the pressure fluctuations caused by the
gas jetting at the distributor, formation of small bubbles near
the distributor, and the turbulence of the fluidized particles
exhibit the characteristics of “random noise,” which has a
wide range of spectrum content and holds a very short-term
correlation attribute. Theoretically, we can regard this aspect
of the pressure fluctuations as the superposition of numerous
very small fluctuations caused by these minor factors (Pigford
and Baron, 1965; Zhu et al., 1993). It is reasonable to sup-
pose that each of these very small fluctuations obeys the same
statistical distribution and is independent of the others. Thus,
this part of the pressure fluctuations can be modeled as
Gaussian white noise (GWN) W(¢), with the covariance func-
tion

R (t,5)=028(t—5), (5)

where the o, is the intensity parameter.

Since the physical sources of the two signal components
are different and no apparent link exists between them, the
two signal components can be assumed to be statistically in-
dependent. Furthermore, by taking the evidence of the prob-
ability density function provided by Fan et al. (1981), it is
reasonable to regard the relation between the two compo-
nents as additive. Thus, a practical model based on the corre-
lation structure for the pressure fluctuation signal X(¢) is ob-
tained by synthesizing the two parts discussed earlier.

X(@)=B,(O)+W(Q). (6)

It now remains to effectively determine the self-similarity
parameter A of FBM and the intensity parameter o;,, of
GWN in the model. Fortunately, recently developed wavelet
transform (Daubechies, 1988; Mallat, 1989b) makes such esti-
mations possible.

The orthonormal wavelet transform (OWT) of a signal X(¢)
is defined by

+oe +x
x(y="Y Y dmyr()
dy =[x, )
where
() =22 (2™t — n) ®

is the wavelet orthonormal basis obtained by the dilation and
translation of a wavelet function (¢) with good time-
frequency localization, which can be constructed through
multiresolution analysis. For a given scale m, the d. extract
information in the signal from resolution 2™ to resolution
27m*! around time 27 ™n. An efficient discrete-time imple-
mentation of the wavelet transform, called the pyramidal al-
gorithm, can be found in Mallat (1989a).

The self-similarity and excellent time-frequency localiza-
tion of the wavelet basis have made it a fascinating tool for
studying FBM, which is inherently nonstationary and statisti-
cally self-similar (Mallat, 1989a; Wornell, 1990; Flandrin,
1992).
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Applying OWT to both sides of Eq. 6, one can prove the
following result (Wornell and Oppenheim, 1992):

. i
Varx™=oc8""+ g2

B=22H+]5 (9)

where x;7 is the OWT coefficient for X(¢); Varx', repre-
sents the variance of x at a given scale m; and o2 is a
positive constant that is dependent on the choice of the
wavelet function, the absolute labeling of the scales, and the
constant C in Eq. 3. The clear and simple expression of H
and o2 in Eq. 9 offers the possibility of estimating them
effectively.

Actually, two favorable algorithms based on Eq. 9 have
been developed to estimate the parameters (Wornell and
Oppenheim, 1992; Kaplan and Kuo, 1993). Since Kaplan and
Kuo (1993) have demonstrated that both algorithms can
achieve very good estimates for longer data length (e.g., the
length of the data equals 2048), Wornell and Oppenheim’s
algorithm has been adopted in this article.

A detailed proof and presentation of the algorithm can be
found in Wornell and Oppenheim (1992). Here, we only sum-
marize the main idea of the algorithm. The consistent itera-
tive estimation algorithm based on the maximum likelihood
method (ML). Although the main parameters of interest are
H and g, because of the dependence of o on the imple-
mentation of the algorithm, the estimated parameter set is
denoted 6 ={8, o2, o} in the algorithm. First, one calcu-
lates the OWT coefficients of the signal and obtains an esti-
mate of the variance of the OWT coefficients at every fixed
scale m. Then, using Eq. 9, one can carry out the ML esti-
mates of the parameter set 6 by differentiating the corre-
sponding log-likelihood function Z(#) with respect to 8, a2,
o2, respectively, to get stationary-points equations. Utilizing
an estimate-maximize (EM) algorithm, Wornell and Oppen-
heim (1992) derived an equivalent iterative algorithm to solve
the stationary-points equations. The solutions of these equa-
tions are the expected parameters.

Experimental Section

The experiment was carried out in a fluidized bed 0.3 m in
diameter and 3 m in height. The polyethylene (PE) particle
was used as the fluidized particle, it had a density of 962
kg/m? and an average diameter of 523 pm. Its minimum
fluidized-gas velocity u,,, is 0.157 m/s, and has a static-bed
height of H; = 0.600 m. The fluidizing fluid was air. The holes
on the distributor were 2 mm in diameter and gave a frac-
tional open area of 4%. Pressure probes were installed on
the wall of the bed column at three different heights: 0.110
m, 0.370 m, and 0.610 m. The outside opening of each pres-
sure probe was connected to one of the two input channels of
a differential pressure transducer, which produces an output
voltage proportional to the pressure difference between the
two channels. The remaining channel was exposed to the at-
mosphere. The working capacity of the transducer was +5
kPa, and the relative accuracy error and the sensitivity of the
whole measuring system were +0.5% and 1 V/kPa, respec-
tively. Since almost all frequency content is below 15 Hz, the
sampling frequency was fixed at 50 Hz and its data length
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was 2,048 every time. Daubechies’ (1988) fourth-order finite-
extent “maximally regular” wavelet basis with filter length
equal to 8 was chosen to implement the algorithm. First, we
calculated the OWT coefficients on seven scales and ob-
tained the corresponding OWT coefficients’ variance estima-
tion on every scale m. Then, 6,000 iterations of the algorithm
were successfully carried out to obtain a rather stable estima-
tion for every data set. We repeated the experiments ten times
for every fixed operating condition and obtained the mean
value of the interesting parameters. The model was studied
under different gas flow rates and static bed heights.

Results and Discussion

The changes of Hurst exponent H against u/u,,, at differ-
ent probe distances above the distributor are shown in Figure
1. With all other operating conditions constant, this indicates
that H increases following an increase in the superficial gas
velocity u at the lower and middle portions of the bed, while
tending to remain stable in the upper portion after a certain
u a bit larger than the u,,,. Since the properties of the bub-
bie phase mainly account for the pressure fluctuations in the
gas~-solids fluidized bed, we have to consider the change of
the bubble phase via u to interpret the result. It is well known
that both the coalescence and the splitting of bubbles exist in
the gas—solids fluidized bed, but the probability of these two
kinds of actions happening is not uniform throughout the bed.
In the lower and middle portions of the bed, the coalescence
process is more prevalent, while the splitting effect occurs
less often, which is due to the relatively smaller diameter of
the bubbles. Moreover, it is highly plausible that the bubble
coalescence occurs in a probabilistic manner. Since the size
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Figure 1. Change of Hurst exponent H against Wu,,,.
H,=0.600 m; D,=0.300 m; u,,, = 0.157 m/s.
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of the bubbles at a fixed height only follows a probabilistic
distribution, one of the sequences of the coalescence is the
increase in the differences not only in the sizes but also in
the rising velocities of the bubbles. Thus, intensification of
the coalescence can destroy the uniformity of the flow pat-
tern, which should weaken the persistence of the pressure-
fluctuation signal generated under such conditions. In other
words, a decrease in the coalescence frequency f, can en-
hance the regularity of the pressure-fluctuation signal, which
is reflected by increasing the Hurst exponent H. According
to the Darton model (Darton et al.,, 1977), it is known that
the bubble diameter

Dy~ (=, ) h* (10)

at a distance /& above the distributor and a superficial gas
velocity u in the bed. Consequently, the coalescence fre-
quency f, follows (Masayuki and Akira, 1986):

1.5
N (u—u,,)

< 4.25
Db

(1D

Thus,

fC~(u—umf)70'2h’3‘4. (12)

From Eq. 12, we know that coalescence frequency f. de-
creases with an increase in u. Moreover, following the in-
crease in u, the bubbling frequency becomes more regular
and has a smaller distribution range (Nelson et al., 1993),
which further enhances the uniformity of the flow pattern in
the bed. Thus, that H increases with an increase in u in the
lower and middle portions of the bed can be understood. The
trend of the H in the upper portion of the bed is different, as
pointed out before. We thought it was better to take both the
coalescence and splitting effects into account to get a reason-
able explanation. From Eq. 10, we know that the diameter of
bubbles increases when they float up. Although a decrease in
the coalescence frequency causes the flow pattern in these
areas to be more uniform, it is well known that bigger bub-
bles are more likely to split. Moreover, intensification of the
particle turbulence to increase the superficial gas velocity u
should also contribute to greater instability among the bub-
bles in the upper portion. Thus the splitting effect, which we
think should increase the size distribution of the bubbles and
undermine the uniformity of the hydrodynamics mechanism,
is strengthened by the rising of u. We think that the interac-
tion of the factors may account for the trend of the H in the
upper portion. In fact, if one looks at Eqgs. 10 and 12, it can
be seen that # has a greater effect on the bubble diameter
and coalescence frequency f,. than the gas velocity u does.
We think this explains why the Hurst exponent H of the up-
per portion reaches a stable value steeply at a small u, while
that of the middle or lower portion increases its value more
slowly following an increase in u to reach a relatively stable
value. (It is apparent that the rising rate of H tends to slow
following the increase of u to approach a stable value.) This
explanation is qualitatively form the physical background. We
cannot find any literature from experimental results of the
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Figure 2. Change of intensity of Gaussian white noise
o, against u,,,.
H,=0.600 m; D, = 0.300 m; u,,r = 0.157 m/s.

change in bubble-size distribution in a 3-D gas—solids flu-
idized bed. This valuable task needs to be carried out. It is
interesting to note that the FBM component in the pressure-
fluctuation signal of the lower or middle portion exhibits the
negatively correlated (antipersistent) feature H < 0.5 for
lower u, but becomes positively correlated H > 0.5 after a
certain value of u. A value of u exists that is dependent on &
when the FBM component in the signal can be regarded as
common Brownian motion with H = 0.5, which is an inde-
pendent increment process. The physical meaning of this
point needs to be explored further. In our case, this u is about
1.25u,,, for A =0.110 m and 1.35u,,, for A = 0.370 m. Figure
1 also tells us that there seems to be no similar relation be-
tween H and h. At lower u, the H of the upper portion is
larger than that of the lower portion, while the trend is re-
versed after a certain u. We thought this relation might also
be interpreted by considering the effects of the coalescence
and splitting of bubbles on the bubble-size distribution at dif-
ferent stages.

Figure 2 presents a variation of the GWN intensity param-
eter g, with u/u,, .. It is interesting to determine what con-
tent proportion the GWN component occupies in the signal
as a whole. Since the standard deviation D, of the signal can
be considered as a measure of the intensity of the pressure
fluctuation and bears the same dimension as g, we define
the parameter p, to measure the content proportion of the
GWN in the signal:

O-W
Pn =7 *100% (13)

RS

The changes of D, and p, against u/u,,, are shown in Fig-
ures 3 and 4, respectively. As expected, D, increases with u
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Figure 3. Change of signal standard deviation D
against uu,,,.
H,=0.600 m; D, = 0.300 m; u,,,=0.157 m/s.

s

because the bubble size becomes larger as u increases (Fan
et al., 1981). Since we are most interested in the white noise,
we focus on Figures 2 and 4. Obviously, the o,, of the lower
portion of the bed increases rapidly when u goes up. This
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Figure 4. Change of parameter p,, against Wu,,,.
H;=0.600 m; D, =0.300 m; u,,,=0.157 m/s.
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trend is in accordance with the intensification of the jetting
and formation of the small bubbles just above the distributor
following an increase in u. The o, of the middle portion of
the bed also increases with an increase of u, although the
rate of increase is not as fast as that of the lower portion.
The ¢, of the upper portion is rather insensitive to the
change in u, and remains almost constant. The GWN in the
upper portion may be induced mainly by the continuous rain-
ing of the fluidized particle on the bed surface (Fan et al.,
1981). We can infer the following conclusions from the pre-
ceding results:

1. The jetting just above the distributor and the formation
of small bubbles near the distributor are important sources,
although they may not be the only ones, of the GWN compo-
nent in the pressure-fluctuation signal.

2. The GWN caused by these sources is transmitted up-
ward and gradually reduced by the increase in A.

The change in p, in Figure 4 also confirms these conclu-
sions. The direction of the change in p, by u is consistent
with that of o,,. As indicated in Figure 4, the white-noise
content proportion is within the range of 4.5~11.5%. Our
results thus provide quantitative evidence of the statement:
the small pressure fluctuations, which we think can be pre-
sented as GWN, are superimposed on the major fluctuations
that we think can be characterized by FBM.

The effect of the static bed height H, on H is presented in
Figure 5. It indicates that H at h = 0.110 m is insensitive to
the change in H;; H at A =0.370 m increases and moves
toward a stable value with the increase in H;; H at h = 0.610
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Figure 5. Change of Hurst exponent H against static
bed height H,.
D, =0.300 m; u=0.315 mss.
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Figure 6. Change of intensity of Gaussian white noise
o, against static bed height H,.
D, =0.300 m; u=0.315 mss.

m increases slightly following the increase in H,. The inter-
pretation needs further study.

The tendency of o, against H, is shown in Figure 6. The
figure also shows that the greater the h, the smaller the value
of o, which has been explained earlier. It appears that H,
hasn’t much effect on the o, of the lower portion. That may
be because H, has no significant function on the jetting and
formation of small bubbles. The middle and upper portions
seem to be subject to an increase in H,. The higher the H,,
the greater the o;,,. We speculated that H, might have some
effect on the upward transmission of the GWN. The changes
in D; and p, against H, are described in Figures 7 and 8,
respectively. It is apparent that D, is intensified by an in-
crease in H at a fixed h, while there seems to be no similar
law to express D, at different 4 if one takes H, as a parame-
ter. Figure 8 indicates that p, decreases with an increase in
H_ at the lower portion, while that of the middle portion ap-
pears to be irrelevant to H,. After a certain value (in our
case, it is between 0.600 and about 0.700 m), the p, of the
upper portion also expresses its independence of H,. Taking
Figures 6 and 7 into account jointly, this suggests that the
entire FBM is intensified in the lower portion of the bed,
while the intensity of each of the two components grows
equally after a certain H, for the middle portion and for the
upper portion as H, rises.

To demonstrate the satisfactory statistical reproducibility
of the parameters, we list in Table 1 the results of ten esti-
mates carried out under the same operating conditions, along
with their mean, standard deviation, and relative standard
deviation. As can be seen, both H and g, show excellent
stability.
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Conclusions

In this article, we have demonstrated that the pressure
fluctuations in a gas—solids fluidized bed can be decomposed
into the addition of FBM and GWN. A robust algorithm based
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Figure 8. Change of parameter p, against static bed
height H..
D, = 0.300 m; u = 0.315 m/s.
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Table 1. Estimated Stability of H and o, for Experiments
under Identical Operating Conditions™

Exp. No. H o, (kPa)
1 0.749 0.0188
2 0.729 0.0168
3 0.697 0.0171
4 0.742 0.0170
5 0.740 0.0177
6 0.725 0.0176
7 0.703 0.0164
8 0.726 0.0178
9 0.739 0.0163
10 0.765 0.0185
H

Mean value = 0,732

Standard deviation = 0.0194
Relative standard deviation = 2.65%
o, (kPA):

Mean value = 0.0174

Standard deviation = 0.000792
Relative standard deviation = 4.55%

*u=10315 m/5; H,=0.600 m; # = 0.370 m.

on orthonormal wavelet transform was successfully applied to
determine the self-similar parameter H of FBM and the in-
tensity parameter ¢,, of GWN in the model. The statistical
reproducibility of the estimates is satisfactory. The H and ¢,
were studied under different gas flow rates and static-bed
heights. Consequently, we obtained the content proportion of
the GWN p, in the signal. Quantitative evidence was pro-
vided to draw the following conclusions: the jetting and the
formation of the small bubbles near the distributor are im-
portant GWN sources of the pressure-fluctuation signal, al-
though they may not be the only ones; the GWN caused by
such origins is transmitted upward and reduced gradually by
the increase in #; and GWN is superimposed on the largest
pressure fluctuation that can be represented by FBM,
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Notation

d = orthonormal wavelet transform coefficients
D, = bed diameter
Rp, (1, s)=autocorrelation function of B (z) at time ¢ and s
y=exponent of FBM average spectrum density
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